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SEMIREGULARITY AND OBSTRUCTIONS OF COMPLETE
INTERSECTIONS
DONATELLA IACONO AND MARCO MANETTI
Abstract. We prove that, on a smooth projective variety over an algebraically closed
field of characteristic 0, the semiregularity map annihilates every obstruction to em-
bedded deformations of a local complete intersection subvariety with extendable nor-
mal bundle. The proof is based on the theory of L∞-algebras and Tamarkin-Tsigan
calculus on the de Rham complex of DG-schemes.
Introduction
LetX be a smooth algebraic variety, over an algebraically closed fieldK of characteristic
0, and let Z ⊂ X be a locally complete intersection closed subvariety of codimension p.
Following [Bl72], the semiregularity map π : H1(Z,NZ|X)→ H
p+1(X,Ωp−1X ), where NZ|X
is the normal bundle of Z in X , can be conveniently described by using local cohomology.
In fact, since Z is a locally complete intersection, it is well defined the canonical cycle
class {Z}′ ∈ Γ(X,HpZ(Ω
p
X)) [Bl72, p. 59] and the contraction with it gives a morphism of
sheaves
NZ|X
y{Z}′
−−−−→ HpZ(Ω
p−1
X ).
Passing to cohomology, we get a map
H1(Z,NZ|X)
y{Z}′
−−−−→ H1(Z,HpZ(Ω
p−1
X )) = H
p+1
Z (X,Ω
p−1
X ),
where the last equality follows from the spectral sequence of local cohomology. Then,
the semiregularity map is obtained by taking the composition with the natural map
Hp+1Z (X,Ω
p−1
X )→ H
p+1(X,Ωp−1X ).
In [Bl72], using Hodge theory and de Rham cohomology, S. Bloch proved that if X
is projective, then the semiregularity map annihilates certain obstructions to embedded
deformations of Z in X . These obstructions contain in particular the curvilinear ones and,
therefore, if the semiregularity map is injective, then the Hilbert scheme of subschemes of
X is smooth at Z.
Unfortunately, Bloch’s argument is not sufficient to ensure that the semiregularity map
annihilates every obstruction to deformations. We have two main reasons to extend Bloch
theorem to every obstruction: the first is for testing the power of derived deformation
theory in a problem where classical deformation theory has failed for almost 40 years. This
new approach already worked when Z is a smooth submanifold, see [Ma07, Ia07, Ia11] and
Remark 11.2, and the solution of this particular case has given a deep insight about the
most appropriate formulation and more useful tools of derived deformation theory. The
second reason is related with the theory of reduced Gromov-Witten invariants. Indeed,
to define the GW invariants, one needs the virtual fundamental class, defined through
an obstruction theory. Whenever the obstruction theory is not carefully chosen, then the
virtual fundamental class is zero and the standard GW theory is trivial. A way to overcome
this problem, and perform a non trivial Gromov Witten theory is by using a reduced
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obstruction theory, obtained by considering the kernel of a suitable map annihilating
obstructions [MPT10, KT11].
The philosophy of derived deformation theory may be summarized in the following way
(see e.g. [Ma02]): over a field of characteristic 0, every deformation problem is the classical
truncation of an extended deformation problem, which is controlled by a differential graded
Lie algebra via Maurer-Cartan equation and gauge equivalence. This differential graded
Lie algebra is defined up to quasi-isomorphism and its first cohomology group is equal to
the Zariski tangent space of the local moduli space. A morphism of deformation theories
is essentially a morphism in the derived category of differential graded Lie algebras (with
quasi-isomorphisms as weak equivalences); the induced morphism in cohomology gives, in
degrees 1 and 2, the tangent and obstruction map, respectively.
Clearly, a morphism from a deformation theory into an unobstructed deformation the-
ory provides an obstruction map annihilating every obstruction. Using this basic principle,
we are able to prove that the semiregularity map annihilates every obstruction under the
following additional assumption:
Set-up: Z is closed of codimension p in X and there exists a Zariski open subset U ⊂ X
and a vector bundle E → U of rank p such that Z ⊂ U and Z is the zero locus of a section
f ∈ Γ(U,E).
This is obviously satisfied for complete intersections of hypersurfaces, while for Z of
codimension 2 we refer to [OSS80] for a discussion about the validity of the above set-up.
Our main results, proved entirely with deformation theory techniques, are summarized
in the next theorem, where H∗ denotes hypercohomology groups.
Main Theorem. Let X be a smooth algebraic variety, over an algebraically closed field of
characteristic 0, and Z ⊂ X a closed subvariety of codimension p as in the above set-up.
Then, the composition of the semiregularity map and the truncation
H1(Z,NZ|X)
pi
−→Hp+1(X,Ωp−1X )
τ
−→H2p(X,Ω0X
d
−→· · ·
d
−→Ωp−1X )
annihilates every obstruction to infinitesimal embedded deformations of Z in X.
Clearly, if the truncation map Hp+1(X,Ωp−1X )
τ
−→H2p(X,Ω0X
d
−→· · ·
d
−→Ωp−1X ) is injec-
tive then the semiregularity map annihilates every obstruction too. A sufficient condition
for the injectivity of τ is the degeneration at level E1 of the Hodge-de Rham spectral se-
quence; in particular, this is true wheneverX is smooth proper over a field of characteristic
0 [GH78, DI87].
Corollary. In the same assumption of the main theorem, if the Hodge-de Rham spectral
sequence of X degenerates at level E1, then the semiregularity map
H1(Z,NZ|X)
pi
−→Hp+1(X,Ωp−1X )
annihilates every obstruction to infinitesimal embedded deformations of Z in X.
The set-up assumption is purely technical and there is no reason for the failure of the
theorem for general local complete intersection subvarieties.
The two underlying ideas used in the proof of the above theorem are:
(1) to give a purely algebraic proof for smooth submanifolds using the ideas of [IM10]
and to extend it to the case of DG-schemes, considered in the sense of I. Ciocan-
Fontanine and M. Kapranov [Ka01, CK01];
(2) to replace the embedding Z ⊂ X with a quasi-isomorphic embedding of smooth
DG-schemes.
For the second idea it is necessary to assume the existence of the bundle E and without
this assumption the approach of DG-schemes seems insufficient. A possible and natural
way to overcome this difficulty is to investigate more deeply the problem in the framework
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of derived algebraic geometry. After the appearence of the first version of this paper an
interesting contribution in this direction has been performed by Pridham [Pr12].
The main theorem, as well as its proof, suggests that, from the point of view of defor-
mation theory, the semiregularity map π is not the correct object to study and should be
replaced by its composition with τ ; this partially explains the past difficulties to relate
deformations and semiregularity and to describe it as a component of the differential of a
morphism of deformation theories. The vector spaces H2p−1(X,Ω0X
d
−→· · ·
d
−→Ωp−1X ) and
H
2p(X,Ω0X
d
−→· · ·
d
−→Ωp−1X ) may be interpreted as the tangent and obstruction spaces of
the p-th intermediate Jacobian ofX , respectively, and τπ as a component of the differential
of the (extended) infinitesimal Abel-Jacobi map [BF03, Pr12, FiMa].
The assumption for the base field K to be of characteristic 0 is essential, both for the
method of the proofs and the validity of the main results. For simplicity and for giving
precise references (especially to [Ar76, Bl72, Se06]) we also assume that K is algebraically
closed, although this assumption is not strictly necessary.
We wish to thank the referee for useful comments and for suggestions improving the
presentation of the paper.
0.1. Content of the paper. The first 3 sections contain a list of algebraic preliminar-
ies: we recall the notion and the main properties of semifree modules, homotopy fibers of
morphisms of differential graded Lie algebras and the semicosimplicial Thom-Whitney-
Sullivan construction. In Section 4, we reinterpret some results of Hinich, Fiorenza, Iacono
and Martinengo [Hin97, FIM09] in terms of descent theory of reduced Deligne groupoids.
In Section 5, we describe two differential graded Lie algebras controlling the embedded
deformations of Z as in the above set-up: they can be seen as spaces of derived sec-
tions of some sheaves of derivation of a DG-scheme. In Sections 6 and 7, we shall prove
that L∞ morphisms, Tamarkin-Tsigan calculus and Cartan homotopies commutes with
Thom-Whitney-Sullivan construction, as well as the L∞ morphism associated with a Car-
tan homotopy. In Section 8, we prove that Tamarkin-Tsigan calculus holds also for the
algebraic de Rham complex of a DG-scheme, while, in Section 9, we prove some base
change results about local cohomology of quasi-coherent DG-sheaves over DG-schemes.
Finally, Sections 10 and 11 are devoted to the proof of the main theorem, using all the
result of the previous sections.
0.2. Notation. Throughout the paper, we work over an algebraically closed field K of
characteristic zero. All vector spaces, linear maps, tensor products etc. are intended over
K , while every graded object is considered graded over Z.
A DG-vector space V is the data of a Z-graded vector space, V =
⊕
n∈Z V
n together
with a differential δ : V → V of degree +1. For every homogeneous element v ∈ V i, we de-
note by v = i its degree. As usual, we use the standard notation for cocycles, coboundaries
and cohomology groups: Z(V ) = ker δ, B(V ) = Im δ and H(V ) = Z(V )/B(V ), respec-
tively. For any integer n and any DG-vector space (V, δ), we define the shifted DG-vector
space (V [n], δV [n]), where V [n]
i = V i+n and δV [n] = (−1)
nδ.
Given two DG vector spaces V and W , we denote by Homn
K
(V,W ) the space of K -
linear map f : V → W , such that f(V i) ⊂ W i+n, for every i ∈ Z. Then Hom∗K (V,W ) =
⊕n∈ZHom
n
K (V,W ) has a natural structure of DG-vector space with differential δ(f) =
δW ◦ f − (−1)ff ◦ δV .
For a given graded vector space V , we will use both symbols Symn(V ) and
⊙n
V for
denoting its graded symmetric n-th power. The direct sum of all symmetric powers carries
a natural structure of graded algebra and also a natural structure of graded coalgebra.
For the clarity of exposition, we will adopt the following convention:
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(1) Sym∗(V ) =
⊕
n≥0 Sym
n(V ) is the graded symmetric algebra generated by V ;
(2)
⊙∗
V =
⊕
n≥0
⊙n
V is the graded symmetric coalgebra generated by V ;
(3)
⊙∗
V =
⊕
n≥1
⊙n
V is the reduced graded symmetric coalgebra generated by V .
In this paper, we use several kind of cohomology groups/sheaves. Unless otherwise
specified, we shall denote by:
• Hn(X,F) the n-th cohomology group of a sheaf F on X ;
• Hn(X,F∗) the n-th hypercohomology group of a complex of sheaves F∗;
• HnZ(X,F) the n-th cohomology sheaf of a sheaf F , with support in Z ⊂ X [Gr67];
• HnZ(X,F
∗) the n-th hypercohomology group with support in Z ⊂ X of a complex
of sheaves F∗;
• Hn(F∗) the n-th cohomology sheaf of a complex of sheaves F∗;
1. Review of semifree modules over DG-rings
By a DG-ring we mean a unitary graded commutative ring A =
⊕
n∈ZA
n endowed with
a differential δ : A → A of degree +1. Graded commutativity means that ab = (−1)a bba
and the graded Leibniz rule is δ(ab) = (δa)b+ (−1)aa(δb). Notice that
· · ·
δ
−→Ai−2
δ
−→Ai−1
δ
−→Ai
δ
−→· · ·
is a complex of Z0(A)-modules; in particular, every cohomology group Hi(A) is a Z0(A)-
module. A DG-ring which is also a DG-vector space will be called a DG-algebra.
Given a DG-ring A, a DG-module over A is a Z-graded A-module M =
⊕
n∈ZM
n,
endowed with a differential δ : M i →M i+1, satisfying the conditions:
(1) am = (−1)a mma,
(2) δ(am) = (δa)m+ (−1)aa(δm),
for every pair of homogeneous elements a ∈ A and m ∈M . As above, the sequence
· · ·
δ
−→M i−1
δ
−→M i
δ
−→M i+1
δ
−→· · ·
is a complex of Z0(A)-modules; then, also the cohomology groups Hi(M) are Z0(A)-
modules.
A morphism of DG-modules is anA-linear map of degree 0 commuting with differentials;
a quasi-isomorphism is a morphism inducing an isomorphism in cohomology.
Given two DG-modulesM and N over A, their tensor productM⊗AN is defined as the
quotient ofM⊗ZN by the graded submodule generated by all the elementsma⊗n−m⊗an,
for every m ∈M,n ∈ N and a ∈ A; notice that, the degree of n⊗m is n+m. Let (M, δM )
and (N, δN ) be two DG-modules. We define the graded Hom as the graded vector space
Hom∗A(M,N) = ⊕n∈ZHom
n
A(M,N), where
HomnA(M,N) = {φ : M → N | φ(M
i) ⊂ N i+n, φ(ma) = φ(m)a, i ∈ Z, m ∈M, a ∈ A}.
Note that Hom∗A(M,N) is a DG-module, with left multiplication (aφ)(m) = aφ(m), for
all a ∈ A and m ∈ M , and differential δ′ : HomnA(M,N) → Hom
n+1
A (M,N), given by
δ′(φ) = δN ◦ φ− (−1)
nφ ◦ δM [Ma04b, Chapter IV.3].
In order to simplify the terminology, from now on the term A-modules will mean a
DG-module over a DG-ring A.
A homotopy between two morphisms f, g : M → N of A-modules is a morphism h ∈
Hom−1A (M,N), such that δN ◦h+h ◦ δM = f − g. Homotopic morphisms induce the same
morphism in cohomology.
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Definition 1.1. Let A be a DG-ring, an A-module F is called semifree if F = ⊕i∈IAmi,
mi ∈ Z and there exists a filtration ∅ = I(0) ⊂ I(1) ⊂ · · · ⊂ I(n) ⊂ · · · such that
I = ∪nI(n), i ∈ I(n+ 1)⇒ δmi ∈ ⊕i∈I(n)Ami.
Example 1.2. If F = ⊕i∈IAmi and the set of degrees {mi} is bounded from above, then
F is semifree: in fact if t = max{mi} it is sufficient to choose I(h) = {i | mi > t− h}.
Example 1.3. Let B = A[x1, . . . , xn], with every xi of degree ≤ 0, then B is a semifree
as A-module, for every differential. In fact B ≃ ⊕m∈IAm, where I is the set of monomials
in the variables xi.
The next results are quite standard and easy to prove (see e.g. [AF91]):
(1) Every quasi-isomorphism of semifree A-modules is a homotopy equivalence.
(2) If F is semifree and M → N is a quasi-isomorphism of A-modules, then also the
induced morphism M ⊗A F → N ⊗A F is a quasi-isomorphism.
(3) Every A-module admits a semifree resolution, i.e., for every A-module M there
exists a semifree module F and a surjective quasi-isomorphism F →M .
Given a morphism of DG-ring A → B and a B-module M , we define Der∗A(B,M) =⊕
n∈ZDer
n
A(B,M), where
DernA(B,M) = {φ ∈ Hom
n
A(B,M) | φ(ab) = φ(a)b + (−1)
naaφ(b)}.
As for Hom∗B(M,N), there exists a structure of B-module on Der
∗
A(B,M), with the anal-
ogous left multiplication (aφ)(b) = aφ(b), for all a, b ∈ B, and analogous differential
δ′ : DernA(B,M)→ Der
n+1
A (B,M), given by δ
′(φ) = δM ◦ φ− (−1)nφ ◦ δB.
Given a morphism of DG-rings A → B, we denote by ΩB/A the module of relative
Ka¨hler differentials of B over A and by d : B → ΩB/A the universal derivation, determined
by the property that for every B-module M the composition with d gives an isomorphism
of B-modules
i : Der∗A(B,M)
≃
−→Hom∗B(ΩB/A,M), iα(db) = α(b) α ∈ Der
∗
A(B,M), b ∈ B.
The construction of ΩB/A is essentially the same as in the non graded case, the differential
on ΩB/A commutes with the differential of B and d ∈ Der
0
A(B,ΩB/A).
For later use, we point out that in the situation of Example 1.3 we have ΩB/A = ⊕Bdxi,
δ(dxi) = d(δxi) and then ΩB/A is a semifree B-module.
2. Homotopy fiber of a morphism of differential graded Lie algebras
A differential graded Lie algebra is the data of a differential graded vector space (L, d)
together with a bilinear map [−,−] : L×L→ L (called bracket) of degree 0 such that the
following conditions are satisfied:
(1) (graded skewsymmetry) [a, b] = −(−1)a b[b, a].
(2) (graded Jacobi identity) [a, [b, c]] = [[a, b], c] + (−1)a b[b, [a, c]].
(3) (graded Leibniz rule) d[a, b] = [da, b] + (−1)a[a, db].
In particular, the Leibniz rule implies that the bracket of a DGLA L induces a structure
of graded Lie algebra on its cohomology H∗(L) = ⊕iHi(L). Moreover, a DGLA is abelian
if its bracket is trivial.
A morphism of differential graded Lie algebras χ : L→M is a linear map that preserves
degrees and commutes with brackets and differentials.
A quasi-isomorphism of DGLAs is a morphism that induces an isomorphism in coho-
mology. Two DGLAs L and M are said to be quasi-isomorphic, or homotopy equivalent,
if they are equivalent under the equivalence relation generated by: L ∼ M if there exists
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a quasi-isomorphism χ : L → M . A differential graded Lie algebra is homotopy abelian if
it is quasi-isomorphic to an abelian DGLA.
The homotopy fiber of a morphism of DGLAs χ : L→M is the differential graded Lie
algebra
TW (χ) := {(l,m(t, dt)) ∈ L×M [t, dt] | m(0, 0) = 0, m(1, 0) = χ(l).}
Lemma 2.1. Let χ : L→M be a morphism of differential graded Lie algebras such that:
(1) χ : L→M is injective,
(2) χ : H∗(L)→ H∗(M) is injective.
Then, the homotopy fiber is homotopy abelian.
Proof. This result has been proved in [IM10] using L∞-algebras; here we sketch a more
elementary proof. The same argument used in [IM10, Proposition 3.4] shows that that
there exists a direct sum decomposition M = χ(L) ⊕ V as a direct sum of differential
graded vector space and, therefore, the mapping cone L⊕M [−1] of χ is quasi-isomorphic
to V [−1]. Consider V [−1] as an abelian differential graded Lie algebras and consider the
morphism of DGLAs
f : V [−1]→ TW (χ), f(v) = (0, dt v).
Since the map
TW (χ)→ L⊕M [−1], (l, p(t)m1 + q(t)dtm2) 7→ (l,
∫ 1
0
q(t)dtm2),
is a quasi-isomorphism of complexes, it follows that f is a quasi-isomorphism of DGLAs.

Remark 2.2. Assume that χ : L→M is an injective morphism of DGLAs, then its cokernel
M/χ(L) is a differential graded vector space and the map
TW (χ)→ (M/χ(L))[−1], (l, p(t)m0 + q(t)dtm1) 7→
(∫ 1
0
q(t)dt
)
m1 (mod χ(L)),
is a surjective quasi-isomorphism.
Example 2.3. Let W be a differential graded vector space and γ ∈ W a cocycle with
non trivial cohomology class. Then, the inclusion
χ : {f ∈ Hom∗
K
(W,W ) | f(γ) = 0} → Hom∗
K
(W,W )
satisfies the hypothesis of Lemma 2.1. Therefore, the DGLA TW (χ) is homotopy abelian.
In fact, the morphism of complexes K γ → W is injective in cohomology and then by
Ku¨nneth formula the map Hom∗
K
(W,W )→ Hom∗
K
(K γ,W ) is surjective in cohomology.
3. Semicosimplicial Thom-Whitney-Sullivan construction
Let ∆mon be the category whose objects are the finite ordinal sets [n] = {0, 1, . . . , n},
n = 0, 1, . . ., and whose morphisms are order-preserving injective maps among them.
Every morphism in ∆mon, different from the identity, is a finite composition of coface
morphisms:
∂k : [i− 1]→ [i], ∂k(p) =
{
p if p < k
p+ 1 if k ≤ p
, k = 0, . . . , i.
The relations about compositions of them are generated by
∂l∂k = ∂k+1∂l , for every l ≤ k.
SEMIREGULARITY AND OBSTRUCTIONS OF COMPLETE INTERSECTIONS 7
According to [EZ50, We94], a semicosimplicial object in a category C is a covariant
functor A∆ : ∆mon → C. Equivalently, a semicosimplicial object A
∆ is a diagram in C:
A0
//
// A1
//
//
// A2
//
//
//
//
· · · ,
where each Ai is in C, and, for each i > 0, there are i+ 1 morphisms
∂k : Ai−1 → Ai, k = 0, . . . , i,
such that ∂l∂k = ∂k+1∂l, for any l ≤ k.
Given a semicosimplicial differential graded vector space
V ∆ : V0
//
// V1
//
//
// V2
//
//
//
//
· · · ,
the graded vector space
∏
n≥0 Vn[−n] has two differentials
d =
∑
n
(−1)ndn, where dn is the differential of Vn,
and
∂ =
∑
i
(−1)i∂i, where ∂i are the coface maps.
More explicitly, if v ∈ V in, then the degree of v is i+ n and
d(v) = (−1)ndn(v) ∈ V
i+1
n , ∂(v) = ∂0(v)− ∂1(v) + · · ·+ (−1)
n+1∂n+1(v) ∈ V
i
n+1.
Since d∂ + ∂d = 0, we define tot(V ∆) as the graded vector space
∏
n≥0 Vn[−n], endowed
with the differential d+ ∂.
Let V ∆ be a semicosimplicial differential graded vector space and (APL)n the dif-
ferential graded commutative algebra of polynomial differential forms on the standard
n-simplex {(t0, . . . , tn) ∈ K n+1 |
∑
ti = 1} [FHT01]:
(APL)n =
K [t0, . . . , tn, dt0, . . . , dtn]
(1 −
∑
ti,
∑
dti)
.
For every n,m the tensor product (APL)m ⊗ Vn is a differential graded vector space and
then also
∏
n(APL)n ⊗ Vn is a differential graded vector space.
Denoting by
δk : (APL)n → (APL)n−1, δ
k(ti) =

ti if 0 ≤ i < k
0 if i = k
ti−1 if k < i
, k = 0, . . . , n,
the face maps, for every 0 ≤ k ≤ n, there are well-defined morphisms of differential graded
vector spaces
δk ⊗ Id : (APL)n ⊗ Vn → (APL)n−1 ⊗ Vn,
Id⊗ ∂k : (APL)n−1 ⊗ Vn−1 → (APL)n−1 ⊗ Vn.
The Thom-Whitney-Sullivan differential graded vector space of V ∆ is denoted by
TW (V ∆) ⊂
∏
n(APL)n⊗Vn and is the graded subspace whose elements are the sequences
(xn)n∈N satisfying the equations
(δk ⊗ Id)xn = (Id⊗ ∂k)xn−1, for every 0 ≤ k ≤ n.
In [Whi57], Whitney noted that the integration maps∫
∆n
⊗ Id: (APL)n ⊗ Vn → K[−n]⊗ Vn = Vn[−n]
give a quasi-isomorphism of differential graded vector spaces
I : (TW (V ∆), dTW )→ (tot(V
∆), dtot).
Further details can be found in [NaA87, Get04, FiMa07, CG08].
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Example 3.1. Let L be a sheaf of differential graded vector spaces over an algebraic
variety X and U = {Ui} an open cover of X ; assume that the set of indices i is totally
ordered. Then, we can define the semicosimplicial DG vector space of Cˇech alternating
cochains of L with respect to the cover U :
L(U) :
∏
i L(Ui)
//
//
∏
i<j L(Uij)
//
//
//
∏
i<j<k L(Uijk)
//
//
//
//
· · · .
Clearly, in this case, the total complex tot(L(U)) is the associated Cˇech complex C∗(U ,L).
We will denote by TW (U ,L) the associated Thom-Whitney complex. The integration map
TW (U ,L)→ C∗(U ,L) is a surjective quasi-isomorphism. If L is a quasi-coherent DG-sheaf
and every Ui is affine, then the cohomology of TW (U ,L) is the same of the cohomology
of L.
Example 3.2. Let
g∆ : g0
//
// g1
//
//
// g2
//
//
//
//
· · · ,
be a semicosimplicial differential graded Lie algebra, i.e., each gi is a DGLA each ∂k is a
morphism of DGLAs. Then, in this case too, we can apply the Thom-Whitney construc-
tion: it is evident TW (g∆) has a structure of a differential graded lie algebra.
Example 3.3. Let χ : L→ M be a morphism of differential graded Lie algebras. Then,
we can consider the semicosimplicial DGLA
χ∆ : L // // M
//
//
// 0
//
//
//
//
· · · , with ∂0 = χ and ∂1 = 0.
It turns out [Ma07, FiMa07] that the total complex tot(χ∆) coincides with the mapping
cone of χ, i.e.,
tot(χ∆)i = Li ⊕M i−1, d(l,m) = (dl, χ(l)− dm),
and the Thom-Whitney-Sullivan construction coincides with the homotopy fiber of χ:
TW (χ∆) = TW (χ) = {(l,m(t, dt)) ∈ L×M [t, dt] | m(0, 0) = 0, m(1, 0) = χ(l)}.
Whenever g∆ is a semicosimplicial differential graded Lie algebra, we have just noticed
that TW (g∆) is a differential graded Lie algebra. Moreover, every gi is a DGLA and so,
in particular, a differential graded vector space, thus we can consider the total complex
tot(g∆). It turns out that the complex tot(g∆) has no natural DGLA structure, even in
the easy case of Example 3.3 of a morphism of DGLAs [IM10, Example 2.7].
Lemma 3.4. Let g∆ be a semicosimplicial DGLA, L a DGLA and ϕ : L→ g0 a morphism
of DGLAs, such that ∂0 ◦ ϕ = ∂1 ◦ ϕ. Then it is well defined a morphism of DGLAs
h : L→ TW (g∆) giving a commutative diagram
L
h
//
ψ
##❋
❋
❋
❋
❋
❋
❋
❋
❋
TW (g∆)
I

tot(g∆),
where ψ : L→ tot(g∆) is the composition of ϕ with the inclusion g0 ⊂ tot(g∆).
Proof. A straightforward computation shows that the map h : L→ TW (g∆) defined as
h(l) = (1⊗ ϕ(l), 1⊗ ∂0(ϕ(l)), 1⊗ ∂
2
0(ϕ(l)), . . . , 1⊗ ∂
n
0 (ϕ(l)), . . .),
is a well defined morphism of differential graded Lie algebras.
Since I contracts the polynomial differential forms in (APL)n by integrating over the
standard simplex ∆n, we have that, I(h(l)) = ϕ(l) ∈ g
i
0, for every l ∈ L
i. 
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4. Descent of formal reduced Deligne groupoid
Denote by Set the category of sets (in a fixed universe) and by Grpd the category
of small groupoids. We shall consider Set as a full subcategory of Grpd. Given a small
groupoid G it is convenient, for our purposes, to think to their objects and arrows as
vertices and edges of its nerve, respectively; therefore, G0 will denote the set of objects
and G1(x, y) the set of morphisms from x to y.
Finally, denote by Art the category of local Artin K -algebras with residue field K .
Unless otherwise specified, for every object A ∈ Art, we denote by mA its maximal ideal.
Let C be a category with a final object ∗, throughout this paper, by a formal object
in C, we shall mean a covariant functor F : Art→ C such that F (K ) = ∗. In particular,
a formal groupoid is a functor G : Art→ Grpd such that G(K ) = ∗, and a formal set is
a functor G : Art → Set such that G(K ) = ∗ (these last ones are also called functors of
Artin rings).
Definition 4.1. Let L be a fixed nilpotent differential graded Lie algebra. The Maurer-
Cartan set associated with L is
MC(L) =
{
x ∈ L1
∣∣∣∣ dx+ 12[x, x] = 0
}
.
The gauge action ∗ : exp(L0)×MCL −→ MCL is defined by the explicit formula
ea ∗ x := x+
∑
n≥0
[a,−]n
(n+ 1)!
([a, x]− da).
Finally, the Deligne groupoid associated with L is the groupoid Del(L) defined as fol-
lows:
(1) the objects are Del(L)0 = MC(L),
(2) the morphisms are Del(L)1(x, y) = {ea ∈ exp(L0) | ea ∗x = y}, for x, y ∈ Del(L)0.
For each x ∈ MC(L) the irrelevant stabilizer of x is defined as the subgroup:
I(x) = {edh+[x,h]|h ∈ L−1} ⊂ Del(L)1(x, x).
Note that, since edh+[x,h]∗x = x, the irrelevant stabilizer I(x) is contained in the stabilizer
of x under the gauge action. Moreover, I(x) is a normal subgroup of the stabilizer of x,
since for any a ∈ L0 we have (see e.g. [Kon94, Ma07, Ye11])
(4.1) eaI(x)e−a = I(y), with y = ea ∗ x.
The above formula implies also that, for every x, y ∈ MC(L), we have a natural iso-
morphism
Del(L)1(x, y)
I(x)
=
Del(L)1(x, y)
I(y)
,
with I(x) and I(y) acting in the obvious way.
Definition 4.2 ([Kon94, Ye11]). The reduced Deligne groupoid associated with a nilpo-
tent differential graded Lie algebra L is the groupoid Del(L) having the same objects as
Del(L) and as morphisms
Del(L)1(x, y) :=
Del(L)1(x, y)
I(x)
=
Del(L)1(x, y)
I(y)
.
Example 4.3. Let B,C be two K -algebras, {xi} a set of indeterminates of non positive
degree and R = B[{xi}] → C a quasi-isomorphism of DG-algebras and denote by δ ∈
Der1B(R,R) the differential of R. Notice that as a graded algebra, R is a free B-algebra
with generators xi of degree ≤ 0. Moreover, Ri = 0 for every i > 0, H0(R, δ) = C and
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Hi(R, δ) = 0, for every i 6= 0. Given a local Artin K -algebra A, let us describe the Deligne
groupoid and the irrelevant stabilizers of the nilpotent DGLA L = Der∗B(R,R)⊗mA.
There is a natural bijection between Maurer-Cartan elements and differentials ρ′ : R⊗
A→ R⊗A, which are B⊗A linear and equal to δ modulus mA, while the set of morphisms,
in the Deligne groupoid, between ρ and ρ′ is the set of B ⊗ A-linear isomorphisms (R ⊗
A, ρ)→ (R⊗A, ρ′), which are the identity modulus mA.
Lemma 4.4. In the notation above, the irrelevant stabilizer I(ρ) is the group of B ⊗ A-
linear automorphisms of the DG-algebra (R ⊗ A, ρ), which are the identity modulus mA
and inducing the identity in cohomology.
Proof. Let a ∈ Der0B(R,R) ⊗ mA, then by definition e
a ∈ I(ρ) if and only if there exists
b ∈ Der−1B (R,R) ⊗ mA such that a = [ρ, b]. On the other hand, e
a is an isomorphism
of (R ⊗ A, ρ) if and only if [ρ, a] = 0, and induces the identity in cohomology if and
only if a induces the trivial map in cohomology. Therefore, we only need to prove that
if a : R ⊗ A → R ⊗ A is a morphism of complexes which is trivial in cohomology then
a = ρb + bρ for some b ∈ Der−1B (R,R) ⊗ mA = Der
−1
B (R,R ⊗ mA). Since, the derivations
a, b are uniquely determined by the values a(xi), b(xi), we will solve the equations a(xi) =
(ρb + bρ)(xi) recursively by induction on − deg(xi). If xi has degree 0, then ρ(xi) = 0
and then a(xi) ∈ ρ(R
−1⊗mA) (since a is trivial in cohomology): therefore, we can choose
b(xi) ∈ R−1 ⊗ mA such that a(xi) = ρb(xi). Next, assume that xi has degree k < 0 and
that b(xj) is defined for every xj of degree bigger than k. Then yi := a(xi) − b(ρxi) is
defined and ρ(yi) = ρa(xi)−ρb(ρxi) = a(ρxi)−(a−bρ)(ρxi) = 0. Since Hk(R⊗A, ρ) = 0,
there exists b(xi) ∈ Rk−1 ⊗mA such that ρb(xi) = yi. 
We point out that the fact that the cohomology of R is concentrated in degree 0 plays
an essential role in the above proof: for instance, if we take R as the Koszul complex of
x2, x3 ∈ K [x] then the result of Lemma 4.4 fails to be true.
For any DGLA L, the previous constructions allow us to define the corresponding formal
objects:
(1) the Maurer-Cartan functor MCL : Art→ Set by setting [Ma09]:
MCL(A) = MC(L⊗mA);
(2) the deformation functor DefL : Art −→ Set:
DefL(A) =
MCL(A)
gauge
;
(3) the formal reduced Deligne groupoid DelL : Art→ Grpd:
DelL(A) = Del(L ⊗mA).
Every morphism of DGLAs induces a morphism of formal reduced groupoids and,
therefore, a morphism of the associated Maurer-Cartan and deformation functors. A basic
result asserts that if L and M are quasi-isomorphic DGLAs, then the associated functor
DelL and DelM are equivalent [GM88, Kon94, Ma09, Ye11].
Given a semicosimplicial groupoid
G∆ : G0
//
// G1
//
//
// G2
//
//
//
//
· · ·
its total space is the groupoid tot(G∆) defined in the following way [Hin97, FMM10]:
(1) The objects of tot(G∆) are the pairs (l,m) with l an object in G0 and m a
morphism in G1 between ∂0l and ∂1l. Moreover the three images of m via the
maps ∂i are the edges of a 2-simplex in the nerve of G2, i.e.
(∂0m)(∂1m)
−1(∂2m) = 1 in (G2)1(∂2∂0l, ∂2∂0l).
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(2) The morphisms between (l0,m0) and (l1,m1) are morphisms a in G0 between l0
and l1 making the diagram
∂0l0
m0
//
∂0a

∂1l0
∂1a

∂0l1
m1
// ∂1l1
commutative in G1.
Example 4.5. Let
G∆ : G0
//
// G1
//
//
// G2
//
//
//
//
· · ·
be a semicosimplicial groupoid. Assume that for every i the natural map Gi → π0(Gi) is
an equivalence, i.e., every Gi is equivalent to a set. Then also tot(G
∆) is equivalent to a
set and, more precisely, to the equalizer of the diagram of sets
π0(G0)
//
// π0(G1).
The next theorem is one of the main results of [Hin97, FIM09].
Theorem 4.6. Let g∆ be a semicosimplicial DGLA, such that Hj(gi) = 0 for every i and
j < 0 and let
Delg∆ : Delg0
//
// Delg1
//
//
// Delg2
//
//
//
//
· · ·
the associated semicosimplicial formal reduced Deligne groupoid. Then, there exists a nat-
ural isomorphism of functors Art→ Set
DefTW(g∆) = π0(tot(Delg∆)).
Proof. This is Theorem 7.6 of [FIM09], expressed in terms of Deligne groupoids and
irrelevant stabilizers. The same result is proved in [Hin97] under the assumption that
every gi is concentrated in non negative degrees (and then Deligne=reduced Deligne). 
5. Embedded deformations of complete intersection
LetX be a smooth algebraic variety over an algebraically closed field K of characteristic
zero, and Z ⊂ X a closed subvariety of pure codimension p as in the set-up of the
introduction: there exist a Zariski open subset U ⊂ X , a locally free sheaf E , of rank p
over U , and a section f ∈ Γ(U, E) such that Z = {f = 0} ⊂ U .
The aim of this section is to describe two convenient differential graded Lie algebras
controlling the functor HilbZ|X : Art→ Set of infinitesimal embedded deformations of Z
in X .
The first DGLA is simpler and it has a clear geometric interpretation. The second,
which is quasi-isomorphic to the first one, will be used in the proof of our main result and
it is similar to the ones considered in [Ma07, Ia10] in the case Z smooth.
5.1. Local case. Assume that U = SpecP is a smooth affine over K and E = OpU . If
f1, . . . , fp are the components of the section f , then the ideal of Z is J = (f1, . . . , fp) ⊂ P .
It is well known (see e.g. [Ar76, Se06]) that the set of embedded deformations of Z
over a local Artin ring A corresponds naturally to the set of ideals J˜ ⊂ P ⊗A generated
by liftings of f1, . . . , fp. Notice that every lifting of fi may be written as fi + gi with
gi ∈ P ⊗ mA.
Let R be the Koszul complex of the sequence f1, . . . , fp, considered as a DG-algebra; in
other words, R is the polynomial algebra P [y1, . . . , yp], where deg(yi) = −1 and d(yi) = fi.
In particular, R0 = P , R−1 =
⊕
i Pyi and R
j = 0 for every j > 0. Since Z is a complete
intersection, the natural map R→ P/J is a quasi-isomorphism of DG-algebras.
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Lemma 5.1. In the notation above, the differential graded Lie algebra L = Der∗P (R,R)
controls the embedded deformations of Z ⊂ X. More precisely, there exists an equivalence
of formal groupoids
DelL → HilbZ|X
and, therefore, an isomorphism of functors of Artin rings
DefL → HilbZ|X .
Proof. Let A be a local Artin ring. We have MCDer∗P (R,R)(A) = Der
1
P (R,R) ⊗ mA =
(P ⊗ mA)p, since every derivation η of R of degree 1 is uniquely determined by the
sequence η(y1), . . . , η(yp) ∈ P ⊗mA. Then Example 4.3 gives a morphism of groupoids
DelL(A)→ HilbZ|X(A)
which is surjective on objects.
Let η, µ ∈ Der1P (R,R)⊗mA be two derivations giving the same deformation, i.e.,
J˜ = (f1 + η(y1), . . . , fp + η(yp)) = (f1 + µ(y1), . . . , fp + µ(yp))
as ideal of P ⊗A. Then, by the flatness of J˜ , we have
η(yi)− µ(yi) ∈ ker(J˜ → J˜ ⊗A K = J) = mAJ˜
and then there exist ai1, . . . , aip ∈ P ⊗mA such that
η(yi)− µ(yi) =
∑
j
aij(fj + µ(yj)).
Taking c ∈ Der0P (R,R) ⊗ mA such that e
c(yi) = yi +
∑
j aijyj we have that e
c is an
isomorphism of the two DG-algebras (R ⊗ A, d + η) and (R ⊗ A, d + µ), i.e., ec ∗ η = µ
and η, µ are gauge equivalent. The last step of the proof is exactly Lemma 4.4. 
As regard the second DGLA, consider the DG-algebra
S = P [z1, . . . , zp, y1, . . . , yp],
where deg zi = 0, deg yi = −1 and d(yi) = fi − zi. Notice that the map
(5.1) S → P, yi 7→ 0, zi 7→ fi
is a surjective quasi-isomorphism of DG-algebras.
Let I ⊂ S be the ideal generated by z1, . . . , zp, i.e., the kernel of the projection map
π : S → R. Then, consider the DGLA H={η ∈ Der∗P (S, S) | η(I) ⊂ I} and the surjective
morphism of DGLAs
Φ: H → Der∗P (R,R), Φ(η)(yi) = π(η(yi)).
Lemma 5.2. Let χ : H → Der∗P (S, S) be the inclusion. Then, the horizontal maps
H
χ

Φ
// Der∗P (R,R)

Der∗P (S, S) // 0
induce a quasi-isomorphism of homotopy fibers.
Proof. The horizontal maps are surjective and then it is sufficient to prove that
Der∗P (S, S) = Hom
∗
S(ΩS/P , S), kerΦ = Der
∗
P (S, I) = Hom
∗
S(ΩS/P , I)
are acyclic; both equalities follow from the fact that the S-module ΩS/P is semifree and
acyclic. 
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5.2. Global case. The section f ∈ Γ(U, E) gives a Koszul-Tate resolution of the structure
sheaf of Z:
0→
p∧
E∨ →
p−1∧
E∨ → · · · →
2∧
E∨ → E∨ → OU → OZ → 0
and, therefore, a quasi-isomorphism of sheaves of DG-algebras over OU
R = Sym∗OU (E
∨[1])→ OZ ,
where the differential on R is given by extending f∗ : E∨ → OU via Leibniz rule.
Let Der∗OU (R,R) be the DG-sheaf of OU -linear derivations ofR, it is a sheaf of DGLAs
and consider an affine open covering U = {Ui}, which is trivializing for the sheaf E .
Theorem 5.3. In the above set-up, assume that U is an affine open cover of X which is
trivializing for the locally free sheaf E, then the infinitesimal embedded deformations of Z
in X are controlled by the differential graded Lie algebra TW (U ,Der∗OU (R,R)).
Proof. By the computations in the local case, for every i the DGLA Γ(Ui,Der∗OU (R,R))
controls the embedded deformations of Z ∩ Ui inside Ui. A global embedded deformation
of Z in X is simply given by a sequence of embedded deformations of Z ∩ Ui inside Ui,
with isomorphic restrictions on double intersections Uij . Therefore, to conclude the proof,
it is enough to apply Theorem 4.6 and Example 4.5. 
In order to globalize the second local construction, let us consider the graded locally
free OU -module E∨[1] ⊕ E∨. On the graded symmetric OU -algebra Sym
∗
OU (E
∨[1] ⊕ E∨),
we consider the unique differential induced by the map of degree +1
(5.2) E∨[1]⊕ E∨ → Sym∗OU (E
∨[1]⊕ E∨), E∨[1] ∋ x 7→ f∗(x) − x ∈ OU ⊕ E
∨.
LetM = Der∗OU (Sym
∗
OU (E
∨[1]⊕E∨), Sym∗OU (E
∨[1]⊕E∨)) andM⊥ ⊂M the subsheaf
of derivations preserving the ideal generated by E∨. Then, the homotopy fiber of the
inclusionM⊥ →M is quasi-isomorphic to Der∗OU (R,R) and we have the following result.
Theorem 5.4. In the above set-up, assume that U is an affine open cover of U , then the
infinitesimal embedded deformations of Z in X are controlled by the homotopy fiber of the
inclusion of DGLAs
TW (U ,M⊥)
χ
−→ TW (U ,M).
Proof. This is the global version of Lemma 5.2, as Theorem 5.3 is the global version of
Lemma 5.1. 
5.3. Relation with DG-schemes. According to [CK01], a DG-scheme is a pair (T,RT ),
where T is an ordinary scheme and RT is a sheaf of (Z≤0-graded) commutative DG-
algebras on T , such that R0T = OT and each R
i
T is quasi-coherent over OT . A morphism
of DG-schemes is just a morphism of DG-ringed spaces.
A closed embedding of DG-schemes is a morphism f : (Y,RY ) → (T,RT ) such that
f : Y → T is a closed embedding of schemes and the induced map RT → f∗RY is
surjective.
Any ordinary scheme can be be considered as a DG-scheme with trivial grading and dif-
ferential; any ordinary closed subscheme of T can be considered as a closed DG-subscheme
of (T,RT ).
For any DG-scheme (T,RT ), its differential δ : RiT → R
i+1
T is OT -linear and hence
Hi(RT ) are quasi-coherent sheaves on T . We define the degree 0 truncation π0(T,RT ) as
the ordinary closed subscheme of T defined by the ideal δ(R−1T ), and then with structure
sheaf H0(RT ).
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A quasi-isomorphism of DG-schemes is a morphism f : (Y,RY ) → (T,RT ) such that
the induced map π0(Y,RY ) → π0(T,RT ) is a isomorphism of schemes and H
∗(RT ) →
f∗H∗(RY ) is an isomorphism of graded sheaves.
It is useful to see the constructions of Subsection 5.2 in the framework of DG-schemes;
more precisely, we will describe two DG-schemes which are quasi-isomorphic to Z and U ,
respectively.
The first DG-scheme is just the pair (U,R), defined in the previous subsection; in this
case, we have π0(U,R) = Z and the closed embedding (Z,OZ) → (U,R) is a quasi-
isomorphism of DG-schemes.
The other DG-scheme is (E,S), where π : E → U is the total space of the vector
bundle associated with E (i.e., E = Spec(Sym∗OU (E
∨)) and S = Sym∗OE(π
∗E∨[1]), with
the differential on S induced by the morphism as in Equation (5.2). Notice that π∗S =
Sym∗OU (E
∨[1]⊕ E∨) and, by (5.1), the section f : U → E gives a closed embedding and a
quasi-isomorphism (U,OU ) → (E,S), while the zero section 0: U → E induces a closed
embedding (U,R)→ (E,S).
Therefore, we have the following commutative diagram of closed embeddings of DG-
schemes
(Z,OZ)

qiso
// (U,R)

(U,OU )
qiso
// (E,S)
Notice that we have the following natural isomorphisms of DG-sheaves
M = Der∗OU (π∗S, π∗S) = π∗Der
∗
OU (S,S), M⊥ = π∗{φ ∈ Der
∗
OU (S,S) | φ(I) ⊂ I},
where I is the ideal sheaf of the closed embedding (U,R)→ (E,S).
6. L∞ morphisms and obstructions
We briefly recall the notion of L∞-algebras and L∞ morphisms. For a more detailed
description of such structures we refer to [SS79, LS93, LM95, Ma02, Fu03, Kon03, Get04,
Ma04a, FiMa07] and [Ma04b, Chapter IX].
Definition 6.1. An L∞ structure on a graded vector space V is a sequence {qk}k≥1 of
linear maps qk ∈ Hom
1
K (
⊙k
(V [1]), V [1]) such that the coderivation
Q :
⊙∗
(V [1])→
⊙∗
(V [1]),
defined as
Q(v1 ⊙ · · · ⊙ vn) =
n∑
k=1
∑
σ∈S(k,n−k)
ǫ(σ)qk(vσ(1) ⊙ · · · ⊙ vσ(k))⊙ vσ(k+1) ⊙ · · · ⊙ vσ(n),
satisfies QQ = 0, i.e., if Q is a codifferential on the reduced symmetric graded coalgebra;
here ǫ(σ) denotes the Koszul sign and S(k, n−k) is the set of unshuffles of type (k, n−k),
i.e., the set of permutations σ such that σ(1) < σ(2) < · · · < σ(k) and σ(k + 1) <
σ(k + 2) < · · · < σ(n).
An L∞-algebra (V, q1, q2, q3, . . .) is the data of a graded vector space V and an L∞
structure {qi} on it.
Notice that if (V, q1, q2, q3, . . .) is an L∞-algebra, then q1q1 = 0 and therefore (V [1], q1)
is a DG-vector space.
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Example 6.2 (Quillen construction, [Qui69]). Let (L, d, [ , ]) be a differential graded Lie
algebra and define:
q1 = −d : L[1]→ L[1],
q2 ∈ Hom
1
K (
⊙2
(L[1]), L[1]), q2(v ⊙ w) = (−1)
v[v, w],
and qk = 0 for every k ≥ 3. Then, (L, q1, q2, 0, . . .) is an L∞-algebra. Explicitly, in this
case, the differential Q is given by
Q(v1⊙· · ·⊙vn) =
∑
σ∈S(1,n−1)
ǫ(σ)d(vσ(1))⊙· · ·⊙vσ(n)+
∑
σ∈S(2,n−2)
ǫ(σ)q2(vσ(1)⊙vσ(2))⊙vσ(3)⊙· · ·⊙vσ(n)
There exist two equally important notions of morphisms of L∞ structures: the linear
morphisms (graphically denoted with a solid arrow) and the L∞ morphisms (denoted with
a dashed arrow).
A linear morphism f : (V, q1, q2, . . .)→ (W, p1, p2, . . .) of L∞-algebras is a morphism of
graded vector spaces f : V [1]→W [1] such that f ◦ qn = pn ◦ (⊙nf), for every n > 0.
An L∞ morphism f∞ : (V, q1, q2, . . .) 99K (W, p1, p2, . . .) of L∞-algebras is the data of
a sequence of morphisms
fn ∈ Hom
0
K (
⊙n
(V [1]),W [1]), n ≥ 1,
such that the unique morphism of graded coalgebras
F :
⊙∗
(V [1])→
⊙∗
W [1]
lifting
∑
n fn :
⊙∗
(V [1]) → W [1], commutes with the codifferentials. This condition
implies that the linear part f1 : V [1] → W [1] of an L∞ morphism f∞ : (V, q1, q2, . . .) 99K
(W, p1, p2, . . .) satisfies the condition f1 ◦ q1 = p1 ◦ f1, and therefore f1 : (V [1], q1) →
(W [1], p1) is a morphism of DG-vector spaces.
Remark 6.3. Every linear morphism of L∞-algebras is also an L∞ morphism, conversely
an L∞ morphism f∞ = {fn} is linear if and only if fn = 0, for every n ≥ 2. An L∞
morphism between two DGLAs is linear if and only if it is a morphism of differential
graded Lie algebras.
Lemma 6.4. Let L and M be differential graded Lie algebras, f∞ : L 99KM an L∞ mor-
phism between L and M and A a commutative DG-algebra. Then, f∞ induces canonically
an L∞ morphism
(fA)∞ : L⊗A 99KM ⊗A.
Proof. By definition, f∞ : L 99KM corresponds to a sequence {fn}n of degree zero linear
maps, with fn :
⊙n
(L[1])→M [1]. Then, for any associative graded commutative algebra
A, define the natural extensions
(fA)n :
⊙n
((L⊗A)[1])→ (M ⊗A)[1]
as the composition⊙n
((L ⊗A)[1])
µ
−→
⊙n
(L[1])⊗A
fn⊗IdA
−−−−−→M [1]⊗A ≃ (M ⊗A)[1],
where µ is induced by multiplication on A and by the Koszul rule of signs. The proof that
this induces an L∞ morphism is completely straightforward. 
Proposition 6.5. Let D be a small category, DGLA the category of differential graded
Lie algebras and H,G : D → DGLA two functors; denote by lim(H) and lim(G) their
limits. Then, every L∞ natural transformation H 99K G induces an L∞ morphism
f∞ : lim(H) 99K lim(G).
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Proof. An L∞ natural transformation is just a sequence
(fd)∞ : H(d) 99K G(d), d ∈ D,
of L∞ morphisms, such that for every morphism γ : d→ d′ in D the diagram
H(d)
(fd)∞
//❴❴❴
H(γ)

G(d)
G(γ)

H(d′)
(fd′ )∞
//❴❴❴ G(d′)
is commutative in the category of L∞-algebras. Then, the conclusion follows immediately
from the fact that the Quillen’s construction, considered as a functor from the category
of DGLAs to the category of locally nilpotent differential graded coalgebras, commutes
with limits. Notice that the forgetful functor from coalgebras to vector spaces does not
commute with limits. 
Corollary 6.6. Let g∆ and h∆ be two semicosimplicial DGLAs. Then every semicosim-
plicial L∞ morphism g
∆
99K h∆ induces an L∞ morphism
TW (g∆) 99K TW (h∆).
Proof. By definition, a semicosimplicial L∞ morphism is a sequence of L∞ morphisms
{(fd)∞ : gd 99K hd}, d ≥ 0, commuting with coface maps. By definition, we have
TW (g∆) = {(xn) ∈
∏
n
(APL)n ⊗ gn | (δ
k ⊗ Id)xn = (Id⊗ ∂k)xn−1 ∀n, k}.
Then, applying Lemma 6.4, every (fn)∞ induces L∞ morphisms (APL)m ⊗ gn 99K
(APL)m⊗ hn. Finally, it is enough to apply the previous Proposition 6.5 interpreting TW
as an end, and then as a limit. 
Example 6.7. Let χ : L → M and η : L′ → M ′ be morphisms of differential graded Lie
algebras. Then, every commutative diagram
L
f
99K L′yχ yη
M
f ′
99K M ′
with f and f ′ L∞ morphisms, induces an L∞ morphism TW (χ) 99K TW (η).
Remark 6.8. Via the standard de´calage isomorphisms
⊙n
(V [1]) ≃ (
∧n
V )[n], every L∞
morphism f∞ : V 99KW , associated with a sequence of maps fn :
⊙n(V [1])→W [1] can
be described by a sequence of linear maps
gn :
n∧
V →W, n ≥ 1, deg(gn) = 1− n.
Every L∞-morphism f∞ : L 99K M of DGLAs induces morphisms of the associated
Maurer-Cartan and deformation functors
f∞ : MCL → MCM , f∞ : DefL → DefM .
Moreover, the linear part f1 : L[1] → M [1] induces a morphism in cohomology, which is
compatible with the obstruction maps of DefL and DefM in the following sense: given a
DGLA L, a small extension in the category Art
e : 0→ K → B → A→ 0, A,B ∈ Art,
and an element x ∈ MCL(A) we can take a lifting x˜ ∈ L1 ⊗mB and consider the element
h = dx˜ + [x˜, x˜]/2 ∈ L2 ⊗ K = L2. It is very easy to show that dh = 0 and that the
SEMIREGULARITY AND OBSTRUCTIONS OF COMPLETE INTERSECTIONS 17
cohomology class [h] ∈ H2(L) does not depend on the choice of the lifting; therefore,
it gives the obstruction map obe : MCL(A) → H
2(L). It is not difficult to prove (see
e.g. [FaMa98, Ma09]) that the obstruction map is gauge invariant, thus giving a map
obe : DefL(A)→ H2(L) such that an element x ∈ DefL(A) lifts to DefL(B) if and only if
obe(x) = 0. The obstructions of the functor DefL are the elements of H
2(L) lying in the
image of some obstruction map; for instance, if L is abelian then every obstruction is equal
to 0. The obstruction maps commute with morphisms of DGLAs and quasi-isomorphic
DGLAs have isomorphic associated deformation functors and the same obstructions. This
implies that the set of obstructions is a homotopical invariant of the DGLA.
Given an L∞ morphism L 99KM of DGLAs, the map H
2(L)→ H2(M), induced by its
linear part, commutes with the induced morphism DefL → DefM and obstruction maps
[Ma02]. In particular, ifM is homotopy abelian, then the obstructions of the functor DefL
are contained in the kernel of the induced map H2(L)→ H2(M).
The obstruction maps exist for every functor of Artin rings F : Art → Set describing
infinitesimal deformation of algebro-geometric structures and one of the main results of
[FaMa98] is the proof that obstruction maps exist for every F as above satisfying some
mild Schlessinger type conditions.
Example 6.9. Let χ : L → M be a morphism of DGLAs, then the obstructions of
the functor DefTW (χ) : Art → Set are contained in H
2(TW (χ)). If χ is injective, then
H2(TW (χ)) ∼= H1(coker(χ)) (see Remark 2.2). Moreover, if χ is also injective in cohomol-
ogy then TW (χ) is homotopy abelian (Lemma 2.1) and then DefTW (χ) has only trivial
obstructions.
Example 6.10. Let X be a smooth algebraic variety, over an algebraically closed field
K of characteristic 0, and Z ⊂ X a locally complete intersection closed subvariety. Let
HilbZ|X : Art → Set the deformation functor of infinitesimal embedded deformations
of Z in X . Then, it is well known that the obstructions are naturally contained in the
cohomology vector space H1(Z,NZ|X) of the normal sheaf of Z in X , see e.g [Se06, Prop.
3.2.6]. This is also recovered in this paper as a consequence of Theorem 5.3.
7. Cartan homotopies and L∞ morphisms
Next, let us recall the notion of Cartan homotopy [FiMa07, FiMa09].
Definition 7.1. Let L and M be two differential graded Lie algebras. A linear map of
degree −1
i : L→M
is called a Cartan homotopy if, for every a, b ∈ L, we have
[ia, ib] = 0, i[a,b] = [ia, dM ib].
Lemma 7.2. Let i : L→M be a Cartan homotopy and consider the degree 0 map
l : L→M, la = dM ia + idLa.
Then:
(1) l is a morphism of DGLAs;
(2) i[a,b] = [ia, lb] = (−1)
a[la, ib];
(3) [i[a,b], lc]− (−1)
b c[i[a,c], lb] + (−1)
a(b+c)[i[b,c], la] = 0.
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Proof. The proof of the first two items is straightforward. For every a, b and c, we have
[i[a,b], lc]− (−1)
b c[i[a,c], lb] + (−1)
a(b+c)[i[b,c], la]
= i[[a,b],c] − (−1)
b c
i[[a,c],b] + (−1)
a(b+c)
i[[b,c],a] = 0,
where the last equality follows from the graded Jacobi identity in L:
(7.1) [[a, b], c]− (−1)b c[[a, c], b] + (−1)a(b+c)[[b, c], a] = 0.
Notice that the above form of Jacobi identity can be written as∑
σ∈S(2,1)
χ(σ)[[aσ(1), aσ(2)], aσ(3)] = 0,
where χ(σ) is the product of the signature and the Koszul sign of the unshuffle σ.

Lemma 7.3. Let = (L, dL, [ , ]) and = (M,dM , [ , ]) be DGLAs. Consider the linear mor-
phisms
f1 : L→M and f2 :
2∧
L→M,
where f1 has degree zero and f2 has degree −1 (see Remark 6.8). Then, the sequence
{f1, f2, 0, 0, · · · } is an L∞ morphism of DGLAs if and only if the following equations are
satisfied for every a, b, c, d ∈ L.
(1) f1 ◦ dL = dM ◦ f1 (i.e., f1 is a morphism of complexes);
(2) [f1(a), f1(b)] = f1([a, b])− dM ◦ f2(a, b)− f2(dLa, b) + (−1)abf2(dLb, a);
(3) f2([a, b], c)− (−1)bcf2([a, c], b) + (−1)a(b+c)f2([b, c], a) =
= (−1)a[f1(a), f2(b, c)]− [f2(a, b), f1(c)] + (−1)bc[f2(a, c), f1(b)];
(4) [f2(a, b), f2(c, d)] + (−1)(c+1)(b+1)[f2(a, c), f2(b, d)] = 0.
Proof. It follows from the explicit formula of L∞ morphism of DGLAs, given for instance
in [Ke05, LM95].

Theorem 7.4. Let L,M be DGLAs and i : L → M be a Cartan homotopy. Then, the
sequence of linear maps
g1 ∈ Hom
0(L,M [t, dt]), g1(a) = tla + dtia,
g2 ∈ Hom
−1(
2∧
L,M [t, dt]), g2(a, b) = t(1 − t)i[a,b],
gn = 0 ∀n ≥ 3,
defines an L∞ morphism L 99KM [t, dt] (see Remark 6.8).
Proof. We need to check the four conditions of Lemma 7.3. As regards (1), since l is a
morphism of DGLAs and di+ id = l we have
dM (g1(a)) = dtla+ td(la)−dtd(ia) = dtla+ tlda−dt(la− ida) = tlda+dtida = g1(dL(a)).
As regards (2), we have
g1([a, b])− dM ◦ g2(a, b)− g2(dLa, b) + (−1)
abg2(dLb, a) =
tl[a,b] + dti[a,b] − dM (t(1− t)i[a,b])− t(1− t)i[da,b] + (−1)
abt(1− t)i[db,a] =
t2[la, lb] + 2tdti[a,b] = t
2[la, lb] + tdt((−1)
a[la, ib] + [ia, lb])
= [g1(a), g1(b)]
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since we have
−dM (t(1 − t)i[a,b]) = −((1− 2t)dti[a,b] + t(1− t)d(i[a,b])) =
(2t− 1)dti[a,b] + t(t− 1)(l[a,b] + i[da,b] − (−1)
ab
i[db,a]).
As regards Condition (3), we have that
g2([a, b], c)− (−1)
bcg2([a, c], b) + (−1)
a(b+c)g2([b, c], a) =
(1 − t)t(i[[a,b],c] − (−1)
bc
i[[a,c],b] + (−1)
a(b+c)
i[[b,c],a]) = 0
by Equation (7.1) of Lemma 7.2; moreover,
(−1)a[g1(a), g2(b, c)]− [g2(a, b), g1(c)] + (−1)
bc[g2(a, c), g1(b)]
= t2(1 − t)((−1)a[la, i[b,c]]− [i[a,b], lc] + (−1)
bc[i[a,c], lb]) = 0
by Lemma 7.2. Finally, condition (4) follows from the fact that [ix, iy] = 0, for every
choice of x, y ∈ L. 
Corollary 7.5. In the same assumption of Theorem 7.4, let N ⊂ M be a differential
graded Lie subalgebra such that l(L) ⊂ N and
TW (χ) = {(x, y(t)) ∈ N ×M [t, dt] | y(0) = 0, y(1) = x}
the homotopy fiber of the inclusion χ : N →֒M . Then, the maps
g1 ∈ Hom
0(L, TW (χ)), g1(a) = (la, tla + dtia),
g2 ∈ Hom
−1(
∧2
L, TW (χ)), g2(a, b) = (0, (1− t)ti[a,b]),
gn = 0 ∀n ≥ 3,
define an L∞ morphism L 99K TW (χ).
Proof. Since TW (χ) ⊂ N ×M [t, dt], we need to check the 4 conditions of Lemma 7.3 on
both components. As regard the first component, Conditions (1) and (2) follows from the
fact that l is a morphism of DGLAs (and so it commutes with differentials and brackets).
Conditions (3) and (4) are trivial, since g2|N = 0. As regard the second components, it is
due to the previous theorem.

The following definition is the natural modification of the definition of Tamarkin-
Tsygan calculus [TT05], whenever the Gerstenhaber algebra is replaced by a DGLA.
Definition 7.6. Let L be a differential graded Lie algebra and V a differential graded
vector space. A bilinear map
L× V
y
−−−−→ V
of degree −1 is called a calculus if the induced map
i : L→ Hom∗K (V, V ), il(v) = lyv,
is a Cartan homotopy.
The notion of calculus is stable under scalar extensions, more precisely, we have the
following result.
Lemma 7.7. Let V be a differential graded vector space and
L× V
y
−−−−→ V
a calculus. Then, for every differential graded commutative algebra A, the natural extension
(L ⊗A)× (V ⊗A)
y
−−−−→ (V ⊗A) (l ⊗ a)y(v ⊗ b) = (−1)a vlyv ⊗ ab,
is a calculus.
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Proof. Straightforward, see [IM10, Lemma 4.7]. 
The notions of Cartan homotopy and calculus extend naturally to the semicosimplicial
objects and sheaves. Here, we consider only the case of calculus.
Definition 7.8. Let g∆ be a semicosimplicial DGLA and V ∆ a semicosimplicial differ-
ential graded vector space. A semicosimplicial Lie-calculus
g∆ × V ∆
y
−−→ V ∆,
is a sequence of calculi gn×Vn
y
−−→ Vn, n ≥ 0, commuting with coface maps, i.e., ∂k(lyv) =
∂k(l)y∂k(v), for every k.
Lemma 7.9. Every semicosimplicial calculus
g∆ × V ∆
y
−−→ V ∆
extends naturally to a calculus
TW (g∆)× TW (V ∆)
y
−−→ TW (V ∆).
Proof. Straightforward, see [IM10, Proposition 4.9]. 
8. Calculus on de Rham complex of a DG-scheme
Let S be a DG-algebra and d : S → ΩS/K its universal derivation. Denote by Ω
0
S = S,
Ω1S = ΩS/K [−1] and
ΩkS = Sym
k
S Ω
1
S .
The S-module Ω1S is generated by the elements da, a ∈ S and deg(da) = deg(a) + 1. In
the algebra Ω∗S =
⊕
k Ω
k
S we have
da ∧ db = (−1)(a+1)(b+1)db ∧ da.
The K -linear map of degree +1 d : S → Ω1S extends to a unique differential (de Rham)
of the graded commutative algebra Ω∗S , i.e., d : Ω
∗
S → Ω
∗
S . Notice that d ∈ Der
1
K
(Ω∗S ,Ω
∗
S),
d2 = 0 and dΩiS ⊂ Ω
i+1
S .
Next, assume that α ∈ DerkK (S, S) is a K -linear derivation. Then α induces a morphism
iα ∈ Hom
k−1
S (Ω
1
S , S) = Hom
k
S(ΩS/K , S)
such that iα(da) = α(a), for every a ∈ S. By Leibniz rule, iα extends to a S-derivation of
the graded symmetric algebra Ω∗S , i.e.,
iα ∈ Der
k−1
S (Ω
∗
S ,Ω
∗
S).
We shall call iα : Ω
∗
S → Ω
∗
S the interior product by α. Notice that iα(Ω
k
S) ⊂ Ω
k−1
S . Define
the Lie derivation
Lα := [iα, d] ∈ Der
k
K (Ω
∗
S ,Ω
∗
S).
Since Lα is [−, d]-exact it is also [−, d]-closed, i.e., [Lα, d] = 0; if a ∈ S = Ω
0
S we have
Lα(a) = iα(da) = α(a), Lα(da) = (−1)
kd(Lα(a)) = (−1)
kd(α(a)).
Equivalently, Lα is the unique derivation extending α : Ω
0
S → Ω
0
S , such that deg(Lα) =
deg(α) and [d, Lα] = 0. Notice that Lα(Ω
i
S) ⊂ Ω
i
S .
If δ ∈ Der1
K
(S, S) is a differential, then also Lδ : Ω
∗
S → Ω
∗
S is a differential: in fact, for
every a ∈ S
L2δ(a) = δ
2(a) = 0, L2δ(da) = Lδ(−dδ(a)) = dδ
2(a) = 0.
In such case, (Ω∗S , d, Lδ) is a double complex and (d+ Lδ)
2 = 0.
We conclude the section, describing some properties of iα and Lα, for α ∈ Der
k
K (S, S).
SEMIREGULARITY AND OBSTRUCTIONS OF COMPLETE INTERSECTIONS 21
Lemma 8.1. Given α, β ∈ Der∗
K
(S, S), we have the equalities:
(1) [iα, iβ] = 0;
(2) Lβ = [iβ , d] = (−1)
β[d, iβ ];
(3) i[α,β] = [Lα, iβ ] = [[iα, d], iβ ];
(4) [Lα, d] = 0, L[α,β] = [Lα, Lβ];
(5) [Lδ, iβ ] + i[δ,β] = 0, for every δ ∈ Der
1
K (S, S);
(6) i[α,β] = [[iα, d+ Lδ], iβ ] = [iα, [[d+ Lδ], iβ]], for every δ ∈ Der
1
K
(S, S).
Proof. Since iαiβ(da) = 0, for every α, β, we have [iα, iβ ] = 0.
Next, as regard (3), we have
i[α,β](da) = [α, β]a = α(β(a)) − (−1)
αββ(α(a)) = [Lα, Lβ]a
and
[Lα, iβ ](da) = Lαiβ(da)−(−1)
(β−1)α
iβLα(da) = LαLβ(a)−(−1)
β α
iβd(Lαa) = [Lα, Lβ]a.
As regard (4), we have
L[α,β] = [i[α,β], d] = [[Lα, iβ ], d] = [Lα, [iβ , d]] = [Lα, Lβ].
As regard (5), for every δ ∈ Der1
K
(S, S), we have
i[δ,β] = −(−1)
β
i[β,δ] = (−1)
β[iβ , Lδ] = −[Lδ, iβ ].
The last one follows from
[[iα, Lδ], iβ ] = ±[i[α,δ], iβ ] = 0.

Proposition 8.2. Let S be a DG-algebra and δ ∈ Der1
K
(S, S) a differential. Then, the
map
i : (Der∗
K
(S, S), [δ,−])→ (Der∗
K
(Ω∗S ,Ω
∗
S), [d+ Lδ,−]),
is a Cartan homotopy with [d+ Lδ, iα] + i[δ,α] = (−1)
αLα.
Proof. By Lemma 8.1, we have
[d+ Lδ, iα] + i[δ,α] = [d, iα] = (−1)
αLα
and then
i[α,β] = [iα, [d, iβ ]] = [iα, [d+ Lδ, iβ] + i[δ,β]] = [iα, [d+ Lδ, iβ ]].

Assume that S =
⊕
i≤0 S
i and let T ⊂ S0 be a multiplicative subset. Then, for any
S-DG-module M , every K -derivation S → M extends in a unique way to a derivation
T−1S →M ; therefore, ΩT−1S/K = T
−1ΩS/K ,
Ω∗T−1S = T
−1Ω∗S .
It is easy to verify that the two natural maps
Der∗K (S, S)→ Der
∗
K (T
−1S, T−1S), Der∗K (Ω
∗
S ,Ω
∗
S)→ Der
∗
K (Ω
∗
T−1S ,Ω
∗
T−1S),
commute with the de Rham differential, interior products, Lie derivative and Cartan
formulas, giving therefore a canonical morphism of calculi
Der∗K (S, S)× Ω
∗
S
//

Ω∗S

Der∗K (T
−1S, T−1S)× Ω∗T−1S
// Ω∗T−1S
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This implies that, for every DG-scheme (E,SE) over the field K , the interior product
induces a morphism of sheaves
Der∗K (SE ,SE)× Ω
∗
SE → Ω
∗
SE
which is still a calculus, where Ω∗SE is the exterior algebra of the quasi-coherent sheaf of
differentials on E.
9. Local cohomology of DG-sheaves
The theory of local cohomology extends naturally to DG-sheaves over DG-schemes. In
order to fix the notation and prove some homotopy invariant properties, we briefly recall
its construction in the quasi-coherent case, using the approach of Cˇech complex [BS98].
Let A =
⊕
iA
i be a fixed DG-ring. Given an element a ∈ Z0(A) and an A-module
M = ⊕iM i, we will denoteMa = ⊕iM ia the localization ofM by the multiplicative subset
of powers of a.
Since the localization is an exact functor on the category of Z0(A)-modules, we have
Hi(Ma) = H
i(M)a, for every i ∈ Z.
Let a = (a1, . . . , an) be a sequence of elements of Z
0(A); for every A-module M and
every subset H = {h1 < h2 < · · · < hj} ⊆ {1, . . . , n}, denote by
a∅ = 1, aH = ah1 · · ·ahj .
Notice that aH∪K |aHaK |a2H∪K , for every H,K ⊆ {1, . . . , n}; therefore, (MaH )aK =
MaH∪K and if H ⊂ K there exists a natural localization map MaH →MaK .
Definition 9.1. In the above situation, denote by Cˇ∗(a1, . . . , an;M) the complex of A-
modules
(9.1) 0→ Cˇ0(a1, . . . , an;M)
δ
−→Cˇ1(a1, . . . , an;M)
δ
−→· · · → Cˇn(a1, . . . , an;M)→ 0,
where
Cˇ0(a1, . . . , an;M) =M, Cˇ
i(a1, . . . , an;M) =
∏
H⊂{1,...,n},|H|=i
MaH
and
δ(m)h0,h1,...,hr =
∑
i
(−1)imh0,h1,...,ĥi,...,hr .
is the Cˇech differential.
Definition 9.2. We will denote by
Hia(M) = H
i(a1, . . . , an;M)
the i-th cohomology group of the complex Cˇ∗(a1, . . . , an;M): notice thatH
i(a1, . . . , an;M)
is an A-module.
Remark 9.3. Let A =
⊕
iA
i be a fixed DG-ring and consider the scheme Spec(Z0(A)).
For every Z0(A)-module F , we can consider the associated quasi-coherent sheaf F˜ on
Spec(Z0(A)). Then, the complex Cˇ∗(a1, . . . , an;F ) computes the local cohomology of F˜
with support on the ideal generated by a1, . . . , an.
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Every permutation σ of {1, . . . , n} induces a natural isomorphism (see e.g. [BS98])
σˇ : Cˇ∗(a1, . . . , an;M)→ Cˇ
∗(aσ(1), . . . , aσ(n);M).
For later use, we point out that, via the natural isomorphismMa1···an =Maσ(1)···aσ(n) , the
map
σˇ : Cˇn(a1, . . . , an;M)→ Cˇ
n(aσ(1), . . . , aσ(n);M)
is simply given by multiplication by the signature of σ.
Moreover,
Cˇi(a1, . . . , an;M) = Cˇ
i(a1, . . . , an;A)⊗AM = Cˇ
i(a1, . . . , an;Z
0(A))⊗Z0(A) M .
Given any b ∈ Z0(A) and any integer i, we have a natural projection morphism of
A-modules
Cˇi(a1, . . . , an, b;M)→ Cˇ
i(a1, . . . , an;M)→ 0 .
The same argument used in [BS98, p. 86] shows that, if b ∈
√
(a1, . . . , an) ⊂ Z0(A), then
the projection map Cˇ∗(a1, . . . , an, b;M) → Cˇ∗(a1, . . . , an;M) is a quasi-isomorphism in
the category of complexes of A-modules.
Theorem 9.4. The isomorphism class of the cohomology modules
Hi(a1, . . . , an;M)
depends only on the ideal
√
(a1, . . . , an) ⊂ Z
0(A). More precisely, if√
(a1, . . . , an) =
√
(b1, . . . , bm) ⊂ Z
0(A),
then there exists a canonical isomorphism
Hi(a1, . . . , an;M) ∼= H
i(b1, . . . , bm;M).
Proof. We have
Cˇ∗(a1, . . . , an, b1, . . . , bm;M)

permutation
≃
// Cˇ∗(b1, . . . , bm, a1, . . . , an;M)

Cˇ∗(a1, . . . , an;M) Cˇ
∗(b1, . . . , bm;M)
where the vertical maps are the surjective quasi-isomorphisms induced by projections. 
The complex of A-modules Cˇ∗(a1, . . . , an;M) can be clearly interpreted as a double
complex of Z0(A)-modules. We will denote by H∗a(M) = H
∗(a1, . . . , an;M) the cohomol-
ogy of the associated total complex tot(Cˇ∗(a1, . . . , an;M)).
Thus, we have
tot(Cˇ∗(a1, . . . , an;M)) = tot(Cˇ
∗(a1, . . . , an;A))⊗AM = tot(Cˇ
∗(a1, . . . , an;Z
0(A)))⊗Z0(A)M
and, since Cˇ∗(a1, . . . , an;M) is a complex of finite length, we have two convergent spectral
sequences: the former is
Ei,j2 = H
i(Hj(a1, . . . , an;M))⇒ H
i+j(a1, . . . , an;M),
and, since the localization is an exact functor, the latter is
Ei,j2 = H
i(a1, . . . , an;H
j(M))⇒ Hi+j(a1, . . . , an;M).
Lemma 9.5. Assume that Z0(A) is a Noetherian ring; if a1, . . . , an is a regular sequence
in Z0(A) and M is a complex of free Z0(A)-modules, then
H
i(a1, . . . , an;M) = H
i−n(Hn(a1, . . . , an;M)),
for every i ∈ Z.
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Proof. As observed in Remark 9.3, for every Z0(A)-module F , the complex Cˇ∗(a1, . . . , an;F )
computes the local cohomology with support on the ideal generated by a1, . . . , an of the
quasi-coherent sheaf F˜ on Spec(Z0(A)); therefore, Hi(a1, . . . , an;Z
0(A)) = 0 for every
i 6= n [Gr67, Thm. 3.8]. If F is free then also Hi(a1, . . . , an;F ) = 0 for every i 6= n, since
it is a direct sum of copies of Hi(a1, . . . , an;Z
0(A)). 
Next, let us consider the functorial properties of local cohomology.
First, if f : M → N a morphism of A-modules, then f induces a morphism of complexes
of A-modules
f∗ : Cˇ
∗(a1, . . . , an;M)→ Cˇ
∗(a1, . . . , an;N)
and, therefore, morphisms
fi : H
i(a1, . . . , an;M)→ H
i(a1, . . . , an;N), fi : H
i(a1, . . . , an;M)→ H
i(a1, . . . , an;N).
Lemma 9.6. In the notation above, if f : M → N is a quasi-isomorphism, then
fi : H
i(a1, . . . , an;M)→ H
i(a1, . . . , an;N)
is an isomorphism for every i.
Proof. Immediate consequence of the spectral sequence
Hj(a1, . . . , an;H
i(M))⇒ Hi+j(a1, . . . , an;M).

Let g : A → B be a morphism of DG-rings, then for every A-Module M , setting N =
M⊗AB, we have natural mapsM → N ,MaH →M⊗ABg(aH), and, therefore, a morphism
of complexes
g∗ : Cˇ
∗(a1, . . . , an;M)→ Cˇ
∗(g(a1), . . . , g(an);M ⊗A B)
inducing morphisms of A-modules
g∗ : H
i(a1, . . . , an;M)→ H
i(g(a1), . . . , g(an);M ⊗A B).
Lemma 9.7. If g : A → B is a quasi-isomorphism of DG-rings and M is a semifree
A-module, then
g∗ : H
i(a1, . . . , an;M)→ H
i(g(a1), . . . , g(an);M ⊗A B).
is an isomorphism for every i.
Proof. For every a ∈ Z0(A), we have a quasi-isomorphism g : Aa → Bg(a); then, since M
is semifree, we also have a quasi-isomorphism
Ma = Aa ⊗AM → Bg(a) ⊗AM.
By Lemma 9.6, this induce quasi-isomorphisms
Cˇi(a1, . . . , an;M)→ Cˇ
i(g(a1), . . . , g(an);M ⊗A B),
tot(C∗(a1, . . . , an;M))→ tot(C
∗(g(a1), . . . , g(an);M ⊗A B)).

Remark 9.8. The calculus Der∗K (A,A) × Ω
∗
A → Ω
∗
A induced by the interior product and
the de Rham differential commutes with local cohomology construction. In fact, since it
commutes with localizations, we have for every a1, . . . , an ∈ Z0(A) a sequence of calculi
Der∗
K
(A,A) × Cj(a1, . . . , an,Ω
∗
A)→ C
j(a1, . . . , an,Ω
∗
A), j = 0, . . . , n,
commuting with Cˇech differentials and so inducing a sequence of calculi
Der∗K (A,A)×H
j(a1, . . . , an; Ω
∗
A)→ H
j(a1, . . . , an; Ω
∗
A), j = 0, . . . , n.
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Remark 9.9. Since the construction of Hi(a1, . . . , an;M) commutes with localization, we
have
Hi(a1, . . . , an;Mb) = H
i(a1, . . . , an;M)b, ∀ b ∈ Z
0(A),
and therefore, if F is any quasi-coherent sheaf on a DG-scheme (T,A), and Y ⊂ T is any
closed subscheme of T , we have the local cohomology sheaves HiY (T,F) defined locally
as Hi(a1, . . . , an,F), where a1, . . . , an is a set of generators of the ideal sheaf of Y in T .
This applies in particular for the quasi-coherent DG-sheaves ΩkA.
10. The derived cycle class of Z
Let us go back to the situation described in the introduction, i.e., Z ⊂ X local complete
intersection of codimension p, defined as the zero locus of a section f of a vector bundle
π : E → U of rank p. As in [Bl72], we have the local cohomology sheaves HiZ(X,Ω
j
X) and
a canonical cycle class
{Z} ∈ H2p(X,HpZ(X,Ω
p
X)
d
−→HpZ(X,Ω
p+1
X )→ · · · ),
where HpZ(X,Ω
j
X) is a DG-sheaf concentrated in degree p + j. Recall that, since Z is a
locally complete intersection and ΩjX is locally free, then H
i
Z(X,Ω
j
X) = 0 for every i 6= p.
The image of {Z} under the injective map
H
2p(X,HpZ(X,Ω
p
X)
d
−→HpZ(X,Ω
p+1
X )→ · · · ) →֒ H
2p(X,HpZ(Ω
p
X)) = Γ(X,H
p
Z(Ω
p
X))
is the global section {Z}′ ∈ Γ(X,HpZ(Ω
p
X)) = Γ(U,H
p
Z(Ω
p
U )) given in local coordinates by
{Z}′ =
df1 ∧ · · · ∧ dfp
f1 · · · fp
∈ Cˇp(f1, . . . , fp; Ω
p
X),
where f1, . . . , fp are the components of f with respect to a local trivialization of the bundle
E. By local duality, the section {Z}′ is non trivial at every point of Z.
Similarly, working in the DG-scheme (E,S), if U0 ⊂ E is the image of the zero section
U → E, we have a canonical cycle class {U0}′ ∈ Γ(E,HpU0(Ω
p
S)), given in local coordinates
by
{U0}′ =
dz1 ∧ · · · ∧ dzp
z1 · · · zp
,
where z1, . . . , zp are a set of linear coordinates in the fibers of the bundle E. The same proof
of the classical case shows that {U0}′ is independent from the choice of the coordinate
system.
Since U0 is smooth of codimension p in E and the DG-sheaves ΩjS are semifree, we
have HiU0(E,Ω
j
S) = 0 for every j and every i 6= p.
Definition 10.1. In the above notation, for every j ≥ 0, we denote Kj = π∗H
p
U0(E,Ω
j
S).
Every Kj is a quasi-coherent DG-sheaf on U .
Lemma 10.2. For every j ≥ 0, the section f induces a quasi-isomorphism of DG-sheaves
on U
Kj → HpZ(U,Ω
j
U ) = H
p
Z(X,Ω
j
X),
with HpZ(U,Ω
j
U ) concentrated in degree p+ j.
Proof. The question is local, therefore we may assume U = Spec(P ) affine and E trivial
on U , i.e., E = Spec(P [z1, . . . , zp]). Thus
Γ(E,S) = S = P [z1, . . . , zp, y1, . . . , yp] with deg(yi) = −1 d(yi) = fi − zi.
The map, induced by f :
S → P, yi 7→ 0, zi 7→ fi
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is a quasi-isomorphism and then, by Lemma 9.7 we have isomorphisms of P -modules
H
i
U0(E,Ω
j
S)→ H
i
Z(U,Ω
j
S ⊗S P ),
that, according to Lemma 9.5 gives a quasi-isomorphism of DG-sheaves
Kj = π∗H
p
U0(E,Ω
j
S)→ H
p
Z(U,Ω
j
S ⊗S OU ).
On the other hand, since U is smooth, by general properties of the cotangent complex,
the natural map Ω1S⊗S P → Ω
1
P is a quasi-isomorphism, and also a homotopy equivalence
since Ω1S ⊗S P and Ω
1
P are semifree. This implies that every morphism Ω
j
S ⊗S P → Ω
j
P is
a homotopy equivalence; then, by Lemma 9.6 we get isomorphisms
H
i
Z(U,Ω
j
S ⊗S P )→ H
i
Z(U,Ω
j
P )
and so a quasi-isomorphism of DG-sheaves
HpZ(U,Ω
j
S ⊗S OU )→ H
p
Z(U,Ω
j
U ).

It is immediate to observe that the map Γ(U,Kp) → Γ(U,HpZ(Ω
p
U )) sends the cycle
class {U0}′ into the cycle class {Z}′. In particular, {U0}′ gives a non trivial cohomology
class in H2p(U,Kp) and, since {U0}′ is annihilated by the de Rham differential, it gives
also a non trivial hypercohomology class
[{U0}′] ∈ H2p(U,K≥p) = H2p(U,Kp
d
−→Kp+1
d
−→· · · ).
11. Proof of the main theorem
Finally, we are ready for the proof of the main theorem. Recall thatKj = π∗H
p
U0(E,Ω
j
S),
M = Der∗OU (Sym
∗
OU (E
∨[1]⊕ E∨), Sym∗OU (E
∨[1]⊕ E∨)) and M⊥ ⊂ M is the subsheaf of
derivations preserving the ideal generated by E∨.
The de Rham differential induces a map d : K∗ → K∗ of degree +1 where K∗ = ⊕iKi =
⊕iπ∗H
p
U0(E,Ω
i
S), inducing a structure of double differential graded sheaf on K
∗.
Then, according to Remark 9.8, the internal product induces a calculus
M×K∗ → K∗.
Passing to an affine open cover U , by Lemma 7.9, we get a calculus
TW (U ,M)× TW (U ,K∗)→ TW (U ,K∗), where TW (U ,K∗) = ⊕jTW (U ,K
j).
For simplicity of notation, we still denote by γ ∈ TW (U ,Kp) the image of the canonical
cycle class {U0}′ under the natural map Γ(U,Kp)→ TW (U ,Kp) described in Lemma 3.4;
we will also denote by TW (U ,K≥p) = ⊕j≥pTW (U ,Kj).
Next, consider the following four differential graded Lie algebras
L = Hom∗
K
(TW (U ,K∗), TW (U ,K∗)), L(γ⊥) = {f ∈ L | f(γ) = 0},
L = {f ∈ L | f(TW (U ,K≥p)) ⊂ TW (U ,K≥p)}, L(γ⊥) = L(γ⊥) ∩ L,
they give a commutative diagram of inclusions
L(γ⊥)
j⊥

ρ
// L
j

L(γ⊥)
ρ
// L.
Note that this diagram induces a morphism of DGLAs TW (j⊥)→ TW (j).
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The morphism l induced by the Cartan homotopy
i : TW (U ,M)→ L = Hom∗
K
(TW (U ,K∗), TW (U ,K∗))
preserves the subcomplex TW (U ,K≥p) = ⊕j≥pTW (U ,Kj), i.e., l(TW (U ,M)) ⊂ L, and
then Corollary 7.5 gives a canonical L∞ morphism
α∞ : TW (U ,M) 99K TW (j).
By Remark 2.2 the cohomology of TW (j) is the same as the cohomology of
Hom∗
K
(TW (U ,K≥p), TW (U ,K<p))[−1], where TW (U ,K<p) =
TW (U ,K∗)
TW (U ,K≥p)
.
Analogously, since
i(TW (U ,M⊥)) ⊂ L(γ⊥), and l(TW (U ,M⊥)) ⊂ L(γ⊥),
we have a canonical L∞ morphism
α∞ : TW (U ,M⊥) 99K TW (j⊥).
Therefore, we have a commutative diagram of L∞ morphisms
(11.1) TW (U ,M⊥)
χ

α∞
//❴❴❴ TW (j⊥)
ρ

TW (U ,M)
α∞
//❴❴❴❴ TW (j)
The cohomology of TW (j⊥) is the same as the cohomology of
{f ∈ Hom∗
K
(U , TW (K≥p), TW (U ,K<p))[−1] | f(γ) = 0}.
Since γ is non trivial in the cohomology of TW (U ,K≥p), we have that the inclusion
ρ : TW (j⊥) →֒ TW (j) is injective in cohomology (see Example 2.3) and the cohomology
of its homotopy fiber TW (ρ) is the same as
Hom∗
K
(K γ, TW (K<p))[−2] = TW (U ,K<p)[2p− 2],
where the last equality follows from the fact that γ has degree 2p. Note that, by Lemma 2.1,
the homotopy fiber of ρ : TW (j⊥) →֒ TW (j) is homotopy abelian. We are now ready to
prove the main result of this paper.
Theorem 11.1. In the above setup, the composition of the semiregularity map
H1(Z,NZ|X)
pi
−→ Hp+1(X,Ωp−1X )
with the natural map
Hp+1(X,Ωp−1X )→ H
2p(X,Ω0X
d
−→· · ·
d
−→Ωp−1X )
annihilates every obstruction to embedded deformations of Z in X. If the Hodge-de Rham
spectral sequence of X degenerates at level E1 (e.g. if X is smooth proper [DI87]), then π
also annihilates every obstruction.
Proof. The Example 6.7 applied to the commutative square (11.1) gives an L∞ morphism
of homotopy fibers
α∞ : TW (χ) 99K TW (ρ)
and therefore a natural transformation of the associated deformation functors
α∞ : DefTW (χ) → DefTW (ρ) .
By Theorem 5.4 the functor DefTW (χ) is isomorphic to the functor HilbZ|X of embedded
deformations; then, the obstruction map associated with α∞ is
α∞ : H
2(TW (χ)) = H1(Z,NZ|X)→ H
2(TW (ρ)) = H2p(TW (U ,K<p))
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and it sends obstructions to embedded deformations to obstructions of the functor DefTW (ρ).
Since TW (ρ) is homotopy abelian, the functor DefTW (ρ) is unobstructed and this proves
that the above map annihilates every obstruction.
Next, in view of the surjective quasi-isomorphisms of quasi-coherent sheaves Kj →
HpZ(X,Ω
j
X), given by Lemma 10.2, the cohomology of TW (U ,K
<p) is isomorphic to the
hypercohomology of the complex
TW (U ,HpZ(Ω
0
X)
d
−→· · ·
d
−→HpZ(Ω
p−1
X ))
and therefore it is also isomorphic to the hypercohomology over U of the complex of
sheaves
HpZ(Ω
0
X)
d
−→· · ·
d
−→HpZ(Ω
p−1
X ).
Since Z is a locally complete intersection, the spectral sequence of local cohomology de-
generates. Thus,
H
∗(U,HpZ(U,Ω
0
X)
d
−→· · ·
d
−→HpZ(U,Ω
p−1
X )) = H
∗
Z(U,Ω
0
X
d
−→· · ·
d
−→Ωp−1X )
and, therefore, the map
α∞ : H
1(Z,NZ|X)→ H
2(TW (ρ)) = H2pZ (U,Ω
0
X
d
−→· · ·
d
−→Ωp−1X )
annihilates the obstructions to embedded deformations. By general results about local
cohomology of finite complexes of sheaves, we have a natural map
H
2p
Z (U,Ω
0
X
d
−→· · ·
d
−→Ωp−1X ) = H
2p
Z (X,Ω
0
X
d
−→· · ·
d
−→Ωp−1X )→ H
2p(X,Ω0X
d
−→· · ·
d
−→Ωp−1X ).
In order to conclude the proof, it is now sufficient to prove the commutativity of the
diagram
H1(Z,NZ|X)
α∞
//
pi

H
2p
Z (U,Ω
0
X
d
−→· · ·
d
−→Ωp−1X )

Hp+1(X,Ωp−1X )
// H
2p(X,Ω0X
d
−→· · ·
d
−→Ωp−1X ).
According to the definition of the semiregularity map given in the introduction, it is
sufficient to prove that we have a commutative diagram
H1(Z,NZ|X)
y{Z}′
//
α∞
))❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
Hp+1Z (U,Ω
p−1
X )

H
2p
Z (U,Ω
0
X
d
−→· · ·
d
−→Ωp−1X ).
Next, the composition of the linear part of the L∞ morphism α∞ : TW (χ) 99K TW (ρ)
with the quasi-isomorphism TW (ρ) → TW (U ,K<p)[2p − 2] described in Remark 2.2 is
induced by the internal product with the canonical cycle class {U0}′ and the conclusion
follows from the fact that {U0}′ maps onto {Z}′ via the morphism Kp → HpZ(U,Ω
p
X). 
Remark 11.2. An essentially equivalent proof, but technically easier, shows that the
semiregularity map annihilates obstructions to embedded locally trivial deformations of a
local complete intersection subvariety Z, without the set-up assumption of the introduc-
tion. To this end it is sufficient to take (E,S) = (X,OX), M = ΘX the tangent sheaf of
X and M⊥ = ΘX(− log(Z)) the subsheaf of derivations of OX preserving the ideal of Z,
see [Ia10].
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